Chapter 8: Rotational Motion

pure rotation pure translation

We now shift our focus from translational
motion (straight line motion of an objects
center of mass) to rotational motion.

Rotational Motion — all points in a rigid
body move in circles about the objects
center, called the axis of rotation. PG !',"
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Rigid Body — a body with a definite shape so the particles composing it
stay in fixed positions relative to one another. el A

Axis of Rotation — the imaginary line that passes through an objects’
center of mass of which the object rotates about

Section 8-1 — Angular Quantities

A Angular Displacement
=" N":\'\\
7 By ; . . .
,f’ ey \‘“\ Consider a rotating wheel rotating counter clockwise as
g : B \| _ shown in the diagram. It rotates about its center, point O,
b e B " fromits starting position (a) to its final position (b) in some
/ .
S amount of time, Az.
S
(a) “om=--mr Let’s now look specifically at the motion of point P. The

displacement of point P depends on how far it is from the

axis of rotation, . But, every point on the line between O

and P travel through the same angle. We call this angle the

angular displacement and can be defined using the arc ¢
_ length and r. ’

AQ = ArcLength AL .
~ distance from axis of rotation 7 o
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Units for angular displacement:

0 is measured in radians because the mathematics of circular motion are much
simpler if we use radians instead of degrees.

Radian (rad) — the angle subtended (www.mathopenref.com/subtend.html) by an arc
whose length is equal to the radius.

arc length = radius

.

How many degrees in 1 radian?

Start by imagining the point at a radius 7 traveling in a full

circle. This is obviously an angle of 360°. The arc length, £,
must be the circumference of the circle, 2ar. To get the angle in
radians, we use:
Al 2rr ;
Af =— =——=2r radians
s s

So 360° is 2w rads. You can use this as your conversion factor. For example,

360° gy
I rad-——— ~57.3° fod
27[ I‘ad 3rad
“2x radians

B rad
When you see the units of radians, remember that they just |
refer to angles. A
Sra

- Ex 8.1 — A particular bird’s eye can just distinguish objects that subtend an
angle no smaller than about 3 x 10 rad. (a) How many degrees is this? (b)

How small an object can the bird just distinguish when flying at a height of
100m? , .
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Average angular velocity
Back to our rotating wheel. We know that the wheel rotates

/;;;'/"-':32‘:;\\ through an angular displacement, 0, in a given amount of
/:,_f.’ : St _\‘_:\\\ time. The point P travels an arc length, { . Analogous to
T average velocity being displacement over time, average
%Kl\i ¢ Wm“f’?;_ * angular velocity (denoted by the Greek lowercase letter
'\J\‘:\' i i '.,':f/’ omega) is defined as angular displacement over time:

(@) “umaooan

e A6
= At (average angular velocity)

~ The units are radians per second (rad/s).

X *It is important to note that every point in a rigid body
rotates with the same angular velocity, although they do

e 2 move at different linear velocities. ¥
Angular Velocity
AQ AL
Remember that - 7 so AL = rAB . For small time intervals, the linear

AL
speed of any particle on the rigid body is| ¥ = _A-t— . This means:

AL rAO A
A AN

V

V=@ 1 ' (linear velocity; units are m/s)

v
(W = —  (angular velocity; units are rad/s)
r



Ex 8.2 — A rotating carousel has one child sitting on a horse near the
outer edge and another child seated on a lion halfway out from the
center. (a) Which child has the greater linear speed? (b) Which child
has the greater angular speed?
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Average Angular Acceleration r -

Recall that when we studied circular motion there were two acceleratlons centrlpetal
and tangential. The angular acceleration (denoted by the lowercase Greek letter
alpha) is analogous to tangential acceleration. It tells us how fast something is
increasing or decreasing its rotational velocity. The average angular acceleration is
defined as:

Aw

At (average angular acceleration; units are rad/s?)

If the angular acceleration is constant for a time interval, we can find it using

Relating Angular Acceleration to Linear Acceleration
Recall that the linear speed is V = @ 7. Since the tangential acceleration is

Av ANor) Aw

a == -8 = ar
t
TN N At
Aign = AF (tangential acceleration; m/s?)
atan

@ = 7 (angular acceleration; rad/s?)



Total acceleration
We have related angular acceleration, but don’t forget about the
centripetal (radial) acceleration that points inward. Recall that:

v’ (a)r)z 2

ac — — = 7r
I8 v
So the total acceleration is:
atota] = a r + 0) r & ‘& DI04 Pomrsen Ddueaton. Ing
%

One interesting thing we can get from this equation; the centripetal acceleration
depends linearly on , the distance from the axis of rotation. This means that the
further you are from the axis of rotation the greater centripetal acceleration and
centripetal force you feel! | Py

Relating angular velocity to frequency of rotation

We can relate the angular velocity, o, to the frequency of rotation, f, where by
frequency we mean the number of complete revolutions (rev) per second. Since 1
revolution corresponds to an angular displacement of 2z radians, we have:

=2 f

Ex 8.3 — (a) What is the linear speed of a child seated 1.2m from the center of a
steadily rotating merry-go-round that makes one complete revolution in 4.0s? (b)
What is her acceleratlon‘7 : ‘



Direction for Angular Vectors
Consider a rotating wheel. Any linear direction in the plane of the wheel does not
uniquely define the rotation of the wheel because of symmetry. So we define
direction to be pointing perpendicular to the plane or rotation, and parallel to the axis
of rotation.

daw

§ r?}fl :

The convention we use is called the Right-Hand Rule. You curl the
fingers of your right hand in the direction of the rotation, and thumb
will point in the direction of @. This convention holds true for all
angular vectors.

What should we call this direction? We will (b)
use the positive and negative z direction. If the x and y plane
is oriented as usual, positive z points out of the page, and
negative z points into the page.

Thus, we call an object rotating counter-clockwise to be in
the positive z and an object rotating clockwise to be in the
negative z direction.

Example: A wheel is rotating clockwise and its angular velocity is decreasing.

Since it is rotating clockwise, its angular velocity is in the negative z direction.
Since it is slowing down, its angular acceleration is in the positive z direction.



Equations from 8-1:

AQ = af (angular displacement; rad)
r
®= i_g W= Y @ =2 f (angular velocity; rad/s)
[ r
== Aa) ey a(&ﬂ
A a@ T (angular acceleration; rad/s?)

8—1 Problems

1. A bicycle odometer (which counts revolutions and is calibrated to report
distance traveled) is attached near the wheel axle and is calibrated for 27-inch
wheels. What happens if you use it on a bicycle with 24-inch wheels?

2. Express the following angles in radians: (a) 45.0°, (b) 60.0°, (c) 90.0°, (d)
360.0°, and (e) 445°. Give as numerical values and as fractions of .
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3. (a) A grinding wheel 0.35 m in diameter rotates at 2200 rpm. Calculate its
angular velocity in rad/s. () What is the linear speed and acceleration of a point
on the edge of the grinding wheel?

4. The blades in a blender rotate at a rate of 6500 rpm. When the motor is turned
off during operation, the blades slow to rest in 4.0 s. What is the angular
acceleration as the blades slow down?

5. A child rolls a ball on a level floor 3.5 m to another child. If the ball makes 12.0
revolutions, what is its diameter?

\ A



Section 8-2 — Kinematic Equations for Uniformly Accelerated Rotational Motion

Recall the kinematic equations from chapter 2. They were derived assuming constant
linear acceleration. Because the angular quantities are directly related to the linear
quantities, we can derive four analogous equations for when there is constant angular

acceleration.
Linear
2% ’ = Vl. + at
L,
Ax =vit+—at
2

v; =V’ +2alx

Vl.—i—vf
M:(T)t

Angular

W, =, +at
1

AO = ot +—at’
2

2 2
W, =w; +2aA0
W, + o,
AG = (T)t

Ex 8.4 - A record player reaches its speed of 33 rpm after making 1.7 revolutions.

What was its angular acceleration?

Ex 8.5 — An automobile engine slows down from 4000 rpm to 1200 rpm in 3.5 s.
Calculate (a) its angular acceleration, assumed uniform, and (b) the total number of

revolutions the engine makes in this time.
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Section 8.3 — Rolling Motion

Consider a ball or a wheel rolling across the floor. Rolling without slipping depends
on static friction between the rolling object and the ground. It is static because the
point of contact is at rest relative to the ground (Kinetic friction will come into play if

you are sliding or skidding, such as on ice).

As the wheel rolls, a particular point (A) on the wheel travels a certain distance,
e shown below.

which is the arc length of the circl

This is the same as the distance travelled (assuming no slippage). We know that

Ax

Al =0 r = Ax . We also know that Ven = ——. Thus,

L _Ax_A@r) A6
AL At At

At

and

Rolling without slipping requires both rotation and translation.

() + (2

Rotation

’c)

[/ 17770

Viop of wheel = 2V v

Translation Rotation and
Translation
center of wheel = Vem Vpottom =0
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Ex 8.6 - A bicycle slows down uniformly from v = 8.40 m/s to rest over a distance of
115 m. Each wheel and tire has an overall diameter of 68.0 cm. Determine (a) the
angular velocity of the wheels initially; (b) the total number or revolutions each
wheel rotates before coming to rest; (c) the angular acceleration of the wheel; and (d)
the time it took to come to a stop.
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82 and 83 Problems f

6. A cooling fan is turned off when it is running at 850 rev/min. It turns 1250
revolutions before it comes to a stop. (a) What was the fan’s angular acceleration,
assumed constant? (b) How long did it take the fan to come to a complete stop?
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7. A small rubber wheel is used to drive a large pottery wheel. The two wheels are
mounted so that their circular edges touch. The small wheel has a radius of 2.0 cm
and accelerates at the rate of 7.2 rad/s?, and it is in contact with the pottery wheel
(radius 27.0 cm) without slipping. Calculate (a) the angular acceleration of the
pottery wheel, and (b) the time it takes the pottery wheel to reach its requ1red
speed of 65 rpm. ) of it [

8. A particle moves in a circle of radius 100 m with a constant Velocify of 20 m/s.
(a) What is the angular velocity in radians per second about the center of the
circle? (b) How many revolutions does it make in 30 s?

(T4 S

( /

9. A 30 cm diameter music record (vinyl) rotates at 33 1/3 rev/min. (a) What is its
angular velocity in radians per second? (b) Find the speed and /inear acceleration
of a point on the rim of the record. (c) If it then brakes with a constant angular
acceleration and comes to rest in 2.0 min find the angular acceleration. (d) What is
the average angular velocity of the turntable? (¢) How many revolutions does it
make before stopping?
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Section 8.4 — Torque
Think about a rotating object. Why is it rotating? What has caused this rotation? The
answer is a concept we will call zorque. To make an object rotate about some axis a

force is clearly required. But the direction that the force is applied certainly makes a
difference. i .

4

Imagine trying to open a door by pushing inward towards the hinge.
You won’t have much success getting the door to rotate on its axis
regardless of how much force you apply! What direction will cause
the door to open the easiest? Try it out and you’ll find that pushing
perpendicular on the door will cause the door to open the easiest.

>

But it also matters how far from the axis of rotation you apply the
force. Which force, A or B on the diagram will cause more rotation?
The further from the axis of rotation, the more forque the force
produces! This is why tools like wrenches have such long handles. E
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This force won’t cause any rotation!

This distance from the axis of rotation is called the
lever arm or moment arm of the force, and we denote
it with the variable . The larger the value of r the
more forque that is produced.

Point of
So we can define forque using the Greek letter tau T as the ~ Axis of ;Q\ application
cross product of r and F. Mathematically it is written as: rotatian /= s of force

" S/
Vo5

1 .
I ¥ {

T=rxF =rFsin@

The sine of the angle comes from the cross product of two (a)
vectors and it represents the fact that 90 degrees
(perpendicular) maximizes the amount of torque.

Units: The units of Torque are Newton meters (N m) ~ e |

0 Py [hswlin. e
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Ex 8.7 — The biceps muscle exerts a vertical force on the lower armas @ .
shown. For each case, calculate the torque about the axis of rotation Ll
through the elbow joint, assuming the muscle is attached 5.0 cm from

the elbow. (a) 700N of force; arm at 90 degree angle; (b) 700 N of
force; arm at 120 degree angle.

3 =
. v=r}tan® b ¥:(+3n0@
N\
057 D5(700) 0
! - \
AL 17 A A
A e ) | ¢ o
P — l‘ = -
Net Torque

When more than one torque acts on an object, the angular acceleration of the object is
found by finding the net torque, which is the sum of all torques acting on the object.
When both torques act in the same direction, they add together. When they act in
opposite directions, they subtract from one another. (Clockwise — negative; Counter-
clockwise — positive)

Ex 8.8 — Two forces (Fg =20 N and Fa = 30 N) are applied to a meter stick which
can rotate about its left end. Force B is applied perpendicularly at the midpoint. Force
A is applied at the end at the angle shown. (a) Which force exerts the greater torque?
(b) What is the net torque?
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8—4 Problems

10. Can a small force ever exert a greater torque than a larger force? Explain.

14 5o '

K | ¥ TN vt AL L ST CEa A

11. A 52-kg person riding a bike puts all her weight on each pedal when climbing a
hill. The pedals rotate in a circle of radius 17 cm. (¢) What is the maximum torque

she exerts? () How could she exert more torque?

/

12. Calculate the net torque about the axle of the wheel shown.
Assume that a friction torque of 0.60 m * N opposes the motion.

28N
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13. A person exerts a horizontal force of 42 N on the end of a door 96 cm wide. What
is the magnitude of the torque if the force is exerted (a) perpendicular to the door and

(b) at a 60.0° angle to the face of the door?

i i
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14. Determine the net torque on the 2.0-m-long uniform beam shown. All
forces are shown. Calculate about (@) point C, the M, and (b) point P at one

end. 29

65N
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8-5 Torque and S
Moment of Inertia

A force, F, is acting on
a wheel

Fradial, does not effect
the rotation of the
wheel. The torque
exerted by F is

T=rFrQ®F n

Ftangen

BY DEFINITION

The magnitude of the
torque, T, “tau” is equal to
the product of Fangent
and the magnitude of the radius vector.

T = Ftanr @

SINCE: F=ma | and ad=ar

T =mria

Now if we sum all of the particles, m, on the wheel.

2T =Xmr?a @

The sum, mr?, is a property of the wheel called the moment of inertia, 1.
The moment of inertia depends on the distribution of the mass relative to

the axis of rotation.
; ‘
=% mr @




From @ and
2T =Smria

2T =Ix

18

D

1= mr?

Newton’s 2™
Law for rotation

How to “think” about Torque

1. Torque must be specified about a pivot point

2. Torque is a product quantity made up of distance and force.

3. Torque causes angular acceleration, o, in the same way that
forces cause linear accelerations.

4. The Moment of Inertia, I, is a measure of resistance to rotation
analogous to mass as a measure of inertia for linear motion.

5. We can’t “see” or “touch” torque, in the same sense that we
can’t “see” or “touch” forces — We see the effects of both.

6. Equilibrium means

>F=0and Y 7=0

Object at rest totally

or translating and/or rotating with constant v or ®
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8-6 Solving Problems in Rotational Dymanics

Example: A uniform cylinder of mass M and radius R is held by a hand that is
accelerated upward so that the center of mass of the cylinder does not move. Find (a)
the tension in the string, (b) the angular acceleration of the cylinder, and (c) the

acceleration of the hand
Answers: (a) Mg (b) 2g/R (c) 2g

p=t
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Example: A body of mass 1.2 kg is tied to a
light string wound around a 2.5 kg wheel of
radius 0.2 m. The wheel bearing is frictionless.
Find the tension is the string, the acceleration

of the block, and its speed after it has fallen a
distance h = 0.25 m from rest. 7=6N, a = -4.8 m/s*,
v =155 mis
2.t = mo- e

=t g o
: d M
-\ m
;t ' M(}% " /\\“ | R i}

J W i ¥
= Y .““‘—"“':
[ ; - Mq-Ma .

\ o :
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8-7 Rotational Kinetic Energy

Consider of piece of mass rotating about
" m
a central point

The Kinetic energy of the mass is

KE:lmv2
2

Consider a wheel made up of many such masses, then

KE = Z%mz Vi2 = Z%mz‘(’”f@)z = ;(Z mi’”iz)a)z

i

|

KE lw

rotation — ~
2

2 & Remember that the wheel may also be translating

® .\ ch

B

-Then

1 |

KE,,;=KE,_ . +KE = MVZ + 5[(02

trans rotation
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Rolling Without Slipping — Different Shapes
Moment of Inertia Considerations (Same Mass, Same
Radius)

Hoop Disk Sphere
2 1 5 2 2
]C‘m :MR Icm :—MR Icm :_MR
Hoop Disk Sphere 3
KEtoml = KEmr + KEtrans
1 Ve, 1.
KE 5141 :5[ };F; +5M Vi
Hoop Disk Sphere
2 2
Lo Vem 1000 L o1 g pnBs P, 1o o g amtsVem L smo9
—(MR*) 2L+ — MV, == MR") =MV, —(E MR- — MV
EMch-l_EMch 4Mch+EMch EMch"'EMch
— ) \ ; U
50 % 50 % 33 % 67 % 12<9E% 111E%
KEqot KEqqs KE o KEaris rot trans
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If started from rest at the top of a hill, which will move the fastest
at the bottom of a hill?

KE; + PE; =KE + PE;

£ Vo dest ! . |
HOOQ A D IDWES Disk Suhere > fostest
PE; = KE, PE; = KE, PE; = KE
2 2 2
mgh = Mch mgh = %Mch mgh = 126 Mch
V[ = \ - %‘}7 . o \/ \._, )

Example: A hoop of radius 0.5 m and mass 0.8 kg is rolling without slipping at a

speed of 20 m/s toward an incline of slope 30° . How far along the incline will the
hoop roll? Assuming it rolls with out slipping. answer 81.5m
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Example: Four particles of mass m are connected by massless rods to form a
rectangle of sides 2a and 2b, as shown below. The system rotates about an axis in the
plane of the figure through the center. Find the moment of inertia about this axis and
the kinetic energy of rotation if the angular velocity is ®

[}
1
E
)
:
!
I
i
: i
K¢ - AT 2b |
i
I
1
1
1
1
1
1
:
1
T
:
1

Example: Find the moment of inertia and Kinetic Energy of rotation of the system

shown below. ,

’ v
2 N P
'

,!
k
Fe—=—=—eememeeeee ]




25

8-8 Angular Momentum and Its Conservation

Definition of Angular Momentum

Recall | Now
YF=ma Z’[ —
Av Aw
=M — el [
At At
_ A(mv) _ A(lw)
A At
_ A > T= AL
with with
p = my L=1w
is Linear Momentum 18 Sglat Jue

Since ZT =

If ZTZO then L;':Lf and ],-Coi=]f0)f
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Torque and Angular Momentum — Formal Definitions

Ty

T=rQ®

Torque analogous to Force

[=F®p Angular momentum analogous to Linear Momentum

2 & An object moving in a straight line has an angular momentum about
the pivot point O.
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Newtons 2" Law for Torques in momentum form

[=F®p
dyj _ d o
2l =Zm(F ®V)
dl Y L (F
E=m[(r@<>7*;)+(EE<>9V)]
ﬂ=m[(f<>aa)+(v@<>v)]
dt
ﬂ=(f@m&z‘)=f®ﬁ’=f
dt

ol

dt

Conservation of Angular Momentum

If the resultant external torque acting on a system is zero, the total
angular momentum of the system is constant.

L 0= A L = constant
dt dt

T =
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Conservation of Angular Momentum

Example: A playground merry-go-round is at rest, pivoted about a frictionless axis.
A ferocious rabbit runs along a path tangential to the rim with initial speed v; and
jumps onto the merry-go-round. What is the angular velocity of the merry-go-round

and the rabbit?

)L
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Example: A disk with a moment of inertia I is rotating with angular velocity ®,
about a frictionless shaft. It drops onto another disk with moment of inertia I
initially at rest. Because of surface friction, the two disks eventually attain a common
angular velocity. What is it?
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Appendix II - Some Rotational Inertias

I'= MR?

Hoop abaut
eylinder aws-

‘Annular cylinder
(or-ring) abaut
eylinder axis

r=3 @+ nf

ol

Solig cylinder

(or disk).about |

cylindér axis

‘Sofid: tilinder
(or disk) about
cential.didmeter

)

Thin red about
axis through
center L to

length

Thin rod abiout
axis through one
end.L to length.

) ) i
Solid spriere Thin
aboutany _ sphierical shell
diameter 2R abgut any -
diametef
e -
Hoop about any Slab about, i
diamster 1 axis through
center
o MEE
=g |
s @ (N
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Comparison of Linear Motion and Rotational Motion

Linear Rotational Motion
Motion
Displacement Ax Angular Displacement A6
Velocity y = Angular Velocity w = 40

dt dt
Acceleration g—dv_ d*x Angular Acceleration _dw _ d%0

Cd g CTa T g
Constant - X=x,+Vv,t+ 142 Constant'Angular . 6=6,+aw,+ 1 2
Acceleration 2 Acceleration Equations 2
Equations v=v, +at w=w,tat
v2 =vZ2 +2aAx 0? =0l +2070
_ 1 —
Vav _j(vo +V) @ 4 —%(0)0 +a))
Mass m Moment of Inertia I
Momentum  p=my Angular Momentum L=1Iw
Force F Torque 4
Power P=Fej Power P=Te@d
Newton’s 2" dp Newton’s 2™ Law dl
Law ZF:—p:mEi Yr=—"o=la
dt dt




